Einstein-Cartan, Bianchi I and the Hubble Diagram by ZouZou, Sami R. et al.
Einstein-Cartan, Bianchi I and the Hubble Diagram
Sami R. ZouZou1, Andre´ Tilquin2, Thomas Schu¨cker3
Abstract
We try to solve the dark matter problem in the fit between theory and the Hubble diagram
of supernovae by allowing for torsion via Einstein-Cartan’s gravity and for anisotropy via
the axial Bianchi I metric. Otherwise we are conservative and admit only the cosmological
constant and dust. The failure of our model is quantified by the relative amount of dust in
our best fit: Ωm0 = 27 % ± 5 % at 1σ level.
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1 Introduction
Today’s precision measurements of the Cosmic Microwave Background (CMB) tell us that
our universe deviates from maximal space-symmetry at the 10−5 level. One geometric model
for such deviations, based on the Bianchi I metric, was already proposed in the sixties of last
century, see Saunders [1] and earlier references therein. First signals for eccentricity at 1σ level
have been found in 2014 by fitting the Bianchi I metric, which solves the Einstein equation
with cosmological constant and dust, to the CMB data [2] and to the Hubble diagram [3].
Another signal, equally weak, was found when fitting the Robertson-Walker metric in
the Einstein-Cartan theory [4, 5] ([6] for two recent reviews) to the Hubble diagram: There,
torsion generated by some half-integer spin density can be an alternative to dark matter
within today’s error bars [7, 8]: Ωm0 = 9
+30
− 7 % at 1σ level.
It seems natural to try and combine these two approaches. Indeed the axial Bianchi I
metric has one privileged direction in the sky in which the spin density may want to point.
2 Dynamics
The axial Bianchi I metric, dτ 2 = dt2 − a2 (dx2 + dy2) − c2 dz2, has two (positive) scale
factors, a(t) and c(t). It is characterised by four Killing vectors, ∂/∂x, ∂/∂y, ∂/∂z and
x ∂/∂y − y ∂/∂x, generating three translations and a rotation around the z axis. We want
the connection Γ to be an independent field. However we want it to respect these four Killing
vectors,
ξα
∂
∂xα
Γλµν − ∂ξ
λ
∂xλ¯
Γλ¯µν +
∂ξµ¯
∂xµ
Γλµ¯ν +
∂ξν¯
∂xν
Γλµν¯ +
∂2ξλ
∂xµ∂xν
= 0, (1)
where the ξα, α = t, x, y, z, denote the four components of any of these four Killing vectors.
We also want the connection to be metric,
∂
∂xλ
gµν − Γµ¯µλgµ¯ν − Γν¯ νλgµν¯ = 0. (2)
The most general metric connection invariant under the three translations and the rotation
involves eight arbitrary functions of time, four of which are parity even and the other four are
odd. Since the Bianchi I metric is invariant under space inversion we also want the connection
to be parity even. Then it can have at most the following non-vanishing components:
Γxxt = a
′/a, Γxtx = b/a, Γtxx = ab, Γxty = + g, Γxyt = +h, (3)
Γyyt = a
′/a, Γyty = b/a, Γtyy = ab, Γytx = − g, Γyxt = −h, (4)
Γzzt = c
′/c, Γztz = d/c, Γtzz = cd, Γtxy = +a2g, Γtyx = −a2g, (5)
with four arbitrary functions of time: b, d, g and h. To simplify our analysis we eliminate
three of these four functions by choosing: b = a′, d = c′ and h = −g. To justify this choice,
we note that it entails a completely antisymmetric torsion. We like completely antisymmetric
torsion for two reasons:
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(i) It has connection geodesics that automatically coincide with metric geodesics.
(ii) It can be generated by Dirac spinors.
So far we have expressed our connection in a holonomic frame dxµ where we denoted it by
Γ. It will be convenient to express it in an orthonormal frame ea = eaµ dx
µ where we denote
it by ω. In components we have:
ωabµ = e
a
α Γ
α
βµ e
−1β
b + e
a
α
∂
∂xµ
e−1αb. (6)
In an orthonormal frame the metricity condition (2) is purely algebraic and states that
ωab := ω
a
bµ dx
µ is a 1-form with values in the Lorentz algebra:
ωabµ = −ωbaµ, (7)
where orthonormal (latin) indices are raised and lowered with
ηab = ηab = diag (1, −1, −1, −1).
Of course we choose eaµ = diag (1, a, a, c). Then the non-vanishing components of ω
a
bµ
are:
ωtxx = ω
x
tx = ω
t
yy = ω
y
ty = a
′, ωtxy = ωxty = ag, ωtyx = ωytx = −ag, (8)
ωtzz = ω
z
tz = c
′, ωxyt = −g, ωyxt = g. (9)
The torsion 2-form Ta := ηaa˜ (de
a˜ + ωa˜d e
d) =: 1
2
Tabc e
b ec has completely antisymmetric
components:
Ttxy = Txyt = Tytx = −2g. (10)
The curvature 2-form Rab := dω
a
b+ω
a
fω
f
b =:
1
2
Rabcd e
c ed takes values in the Lorentz algebra
and has the following components:
Rtxtx = R
t
yty =
a′′
a
+ g2, Rtztz =
c′′
c
, Rtxty = −Rtytx = g′, (11)
Rxyxy =
(
a′′
a
)2
+ g2, Rxzxz = R
y
zyz =
a′
a
c′
c
, Rzxzy = −Rzyzx = c
′
c
g. (12)
For the Ricci tensor Ric bd := R
a
bad we find:
Ric tt = −2 a
′′
a
− c
′′
c
− 2 g2, Ric xy = −Ric yx = g′ + c
′
c
g, (13)
Ric xx = Ric yy =
a′′
a
+
(
a′
a
)2
+
a′
a
c′
c
+ 2 g2, Ric zz =
c′′
c
+ 2
a′
a
c′
c
. (14)
The curvature scalar is:
R = −4 a
′′
a
− 2 c
′′
c
− 2
(
a′
a
)2
− 4 a
′
a
c′
c
− 6 g2, (15)
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and the Einstein tensor Gab := Ric ab − 12 R ηab has components:
Gtt =
(
a′
a
)2
+ 2
a′
a
c′
c
+ g2, Gxy = −Gyx = g′ + c
′
c
g, (16)
Gxx = Gyy = − a
′′
a
− c
′′
c
− a
′
a
c′
c
− g2, Gzz = −2 a
′′
a
−
(
a′
a
)2
− 3 g2. (17)
Finally we can write down Einstein’s equation, Gab − Λ ηab = 8pi G τba for dust with mass
density ρ and τab = diag (ρ, 0, 0, 0):
(tt)
(
a′
a
)2
+ 2
a′
a
c′
c
+ g2 − Λ = 8pi Gρ, (18)
(xx)
a′′
a
+
c′′
c
+
a′
a
c′
c
+ g2 − Λ = 0, (19)
(zz) 2
a′′
a
+
(
a′
a
)2
+ 3 g2 − Λ = 0, (20)
(xy) g′ +
c′
c
g = 0. (21)
The last equation integrates to g = ±√κ c0/c. Note that the difference of the xx and zz
components implies that g must vanish in the isotropic case, a = c. However the limit of κ
as the Hubble stretch hx0 (defined below) tends to zero is not continuous.
By Cartan’s equation, the parity even and completely antisymmetric torsion is sourced
by a spin density s parallel to the z direction and Cartan’s equation reduces to g = 4pi Gs.
The first derivative of the tt component yields, upon use of the other components, the
covariant conservation of energy:
8piG
[
ρ′ +
(
2
a′
a
+
c′
c
)
ρ
]
= −4κ c
2
0 c
′
c3
. (22)
Let us use the following notations: the directional and the mean Hubble parameters:
Hx :=
a′
a
, Hz :=
c′
c
, H := 1
3
(2Hx +Hz), (23)
and the Hubble stretches hx and hz defined by:
Hx =: H (1 + hx), Hz =: H (1 + hz) = H (1− 2hx). (24)
The last equation results from 2hx+hz = 0. We also use the dimensionless functions of time:
ΩΛ :=
Λ
3H2
, Ωm :=
8piGρ
3H2
, Ωκ :=
κ (c0/c)
2
3H2
. (25)
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With these we have the following system of 5 ordinary, first order differential equations:
a′
a
= H (1 + hx), (26)
c′
c
= H (1− 2hx), (27)
(xx) 2H ′ −H ′hx −H h′x + 3H2[1− hx + h2x] = 3H2
(
ΩΛ0
H20
H2
− Ωκ0 c
2
0H
2
0
c2H2
)
, (28)
(zz) 2H ′ + 2H ′hx + 2H h′x + 3H
2[1 + 2hx + h
2
x] = 3H
2
(
ΩΛ0
H20
H2
− 3 Ωκ0 c
2
0H
2
0
c2H2
)
, (29)
(cons.) Ω′m +
[
2
H ′
H
+ 3H
]
Ωm = −4H (1− 2hx) Ωκ0 c
2
0H
2
0
c2H2
, (30)
for 5 unknown functions of time: a, c, H, hx,Ωm; with 5 initial conditions: a0 = 1, c0 =
1, H0, hx0, Ωm0 and one external parameter: Ωκ0. Note that the initial conditions a0 and c0
can be chosen arbitrarily (positive) and by the tt component of Einstein’s equation today we
have
ΩΛ0 = 1− Ωm0 + Ωκ0 − h2x0. (31)
We were unable to solve the system analytically and asked Runge & Kutta for their kind
help. We checked their numerical solution in the torsionless case, κ = 0, against the known
analytical solution [3].
3 Kinematics
The Hubble diagram is the parametric plot of the apparent luminosity ` as a function of
redshift z and as a function of the direction (θ, ϕ) of the incoming photons emitted at time
t−1(θ, ϕ) by a Super Nova Ia. As the emission time is not observable, this is the parameter to
be eliminated. The absolute luminosity L of all Super Novae Ia is supposed to be the same.
As the torsion is completely antisymmetric, it modifies the dynamics of the metric but
not the geodesics. Therefore we can take the formulas for direction, redshift and apparent
luminosity from the literature [1, 3]:
Let us denote the unit vector pointing towards the Super Nova by
A := a0 cosϕ sin θ, (32)
B := a0 sinϕ sin θ, (33)
C := a0 cos θ, (34)
and the arrival time of the photons of all Super Novae (today) by t0 = 0. Put a0 := a(t0) =
a(0) = 1, a−1 := a(t−1), ..., and define the function
W (t) :=
(
A2 +B2
a(t)2
+
C2
c(t)2
)−1/2
. (35)
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Then solving the geodesic equations for the photons in an axial Bianchi I metric, we obtain
the redshift:
z :=
W0
W−1
− 1 =
√
A2 +B2
a2−1
+
C2
c2−1
− 1 , (36)
and the apparent luminosity:
` =
L
4pi
a0W
5
−1
a2−1c−1W
4
0 ∆
, (37)
with:
∆ :=
[
(A2 +B2)IxIz + C
2I2x
]
/a20, Ix := −a30
∫ t0
t−1
W 3
a2c2
dt, Iz := −a30
∫ t0
t−1
W 3
a4
dt. (38)
To compute the emission time t−1(z, θ, ϕ) for a given direction and redshift we have to
invert the numerical function W (t−1) in any fixed direction. Note that there are cases where
one of the scale factors goes through a minimum. Then W (t−1) is not invertible for certain
directions, the apparent luminosity becomes a double-valued function of redshift [9] and the
Hubble diagram is a truly parametric plot.
4 Data analysis
This analysis is very similar to [3]. Only a quick reminder is given here.
To test the Bianchi 1 - Cartan hypothesis we use the type 1a supernovae Hubble diagram
with the Union 2 data sample [10] containing 557 supernovae up to a redshift of 1.4 and
the Joint Light curve Analysis (JLA) [11] data sample containing 740 supernovae up to a
redshift of 1.3 and 258 common supernovae with Union 2. The celestial coordinates of the
Supernovae are obtained from the SIMBAD database [12].
For Union 2 sample, the published magnitudes at maximum luminosity are marginalized
over the time stretching of the light curve and the color at maximum brightness. Statistical
and systematical errors on the associated magnitudes are provided by the full covariance
matrices. The JLA published data provide the observed uncorrected peak magnitude (mpeak),
the time stretching (X1) and the color (C) with the full statistical and systematical covariance
matrices. The total χ2 reads:
χ2 = ∆MTV −1∆M, (39)
Where ∆M is the vector of differences between expected and reconstructed magnitudes at
maximum and V is the full covariance matrix.
The expected magnitude is written as me(z) = ms − 2.5 log `(z) where ms is a nor-
malization parameter. For the combined sample (1007 supernovae), we use two different
normalization parameters (one for each sample) because of the different light curve calibra-
tions.
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The apparent luminosity ` is computed in two steps. For each set of cosmological pa-
rameters, we solve the differential equations (26-30) by the help of a Rugge Kutta algorithm
during the minimization procedure. To keep numerical instabilities low we choose a time
step of 1000 years. The two scale factors, a(t) and c(t), are stored in the memory for the
next step. Then, for a given privileged direction and for each supernova at a given redshift
and angles θ and ϕ with respect to privileged direction, we scan the emission time of the
photon with equation (36) up to the supernova redshift. At the same time we compute both
integrals Ix, Iz (38) by a direct summation using formula (35) and the corresponding scale
factors from the previous step. Finally we compute the apparent luminosity by the use of
(37).
We use the MINUIT package [13] to minimize the χ2. We choose the SIMPLEX al-
gorithm known as Nelder-Mead method [14] for minimization, because it is well suited for
nonlinear optimization problems without knowledge of derivatives. The numerical iterative
minimization is thus less sensitive to numerical instabilities.
We search for privileged directions by scanning the celestial sphere in step of 4× 4 square
degrees in right ascension and declination to keep the computing time within reasonable
amounts, more than 200 000 hours on a single CPU. For each direction we minimize the χ2
with respect to the cosmological parameters Ωm0, Ωκ0, hx0 and the nuisance parameter ms.
Figure 1 shows the confidence level contours in arbitrary color codes around the eigen-
directions on the celestial sphere for Union 2, JLA and the combined sample. Smooth con-
tours have been obtained by the use of a Multi Layer Perceptrons (MLP) neural network
[15][16] with 2 hidden layers of 40 neurons each trained on the results of the fit. Black points
in figure 1 shows the supernovae positions, black (respectively green) specks the main (respec-
tively secondary) direction. Notice the back-to-back symmetry due to the space reflexions
symmetry of the Bianchi I metric. Compared to figure 1 in [3], the contours are very simular
exept that the main direction for Union 2 becomes the secondary one. This is not unex-
pected because the models are different and statistical significance is only 1σ. Furthermore,
the Hubble stretch hx0 has the opposite sign (Table 1).
Table 1 shows our results of the fit and the 1σ error. As the SIMPLEX algorithm does
not provide any errors, we compute them for each parameter pi by solving numerically the
equation χ2(pi) = χ
2
min + 1 where χ
2
min is the minimum of χ
2 on all others parameters. To do
that we scan each parameter around the minimum and interpolate χ2(pi) by a polynomial
function to smooth the numerical instabilities and estimate the 1σ error.
Comparing our results with those of Table 1 in [3], we find them statistically compatible.
The present minimum χ2 is better by about one unit which is expected with one more degree
of freedom, hx0. For all three samples, the added parameters describing torsion, Ωκ0, and
anisotropy, hx0, are statistically compatible with zero. Therefore supernovae alone are not
accurate enough to detect these two features.
The last column of Table 1 shows expected errors for one year of LSST. The speed up
the final analysis we randomly simulate only one tenth of the total expected number of
supernovae for one year of LSST (50000) in 20000 square degrees with redshift between 0.4
and 0.8. As fiducial cosmology we take the JLA experimental results. For the analysis we
use a magnitude error of 0.12 and a redshift error of 0.01(1+z) propagated to the magnitude
error. The final errors on the magnitude are then scaled down by
√
10 in order to emulate the
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1 year LSST statistic. No systematic errors have been used and we did not try to compute
contours, which would have required about 1 million hours of CPU. As shown in Table 1 the
improvement on the errors scales down approximately as the square root of the number of
supernovae.
In the future, this analysis would have to be improved to deal with numerical instabilities
and computing time. We could either linearize the solution of the differential equations or if
not possible use a neural network to parameterize the supernovae luminosity with respect to
θ, Ωm0, Ωκ0, hx0 and redshift.
Union II JLA Combined LSST (1 year)
ascension(◦) 168± 33 161± 42 120± 50 ±4
declination(◦) 26± 36 −49± 20 −36± 36 ±2
Ωm0 0.24± 0.05 0.27± 0.05 0.27± 0.05 ±0.002
Ωκ0 0.02
+0.05
−0.02 0.
+0.04
−0.0 0.
+0.02
−0.0 ±0.002
hx0 0.009± 0.12 0.01+0.006−0.01 0.005+0.003−0.005 ±4 · 10−4
χ2min 529.4 699.5 1001.7
Table 1: 1σ errors for the Bianchi I Cartan cosmological parameters for Union 2, JLA and
combined samples and for one year of LSST.
5 Conclusion
The cosmological principle allows for a spin density pointing in the “time direction”. In
Einstein-Cartan’s gravity, this spin density generates a torsion component in the same di-
rection. At 1σ confidence level, this torsion component can solve the dark matter problem
in the Hubble diagram [7, 8]. Our motivation for this work was the hope that relaxing the
cosmological principle and allowing the spin density to point into a privileged direction in
the sky could improve this confidence level.
Today’s observational data have clearly decided – after 200 000 CPU hours – not to
support our hope.
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Figure 1: Confidence level contours of the privileged directions in arbitrary color codes for
Bianchi I Einstein-Cartan spacetimes. Black points represent supernova positions. Note the
accumulation of supernovae in the equatorial plane. The blue line is the galactic plane. Black
specks represent the main privileged direction while the green specks show the secondary
direction.
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